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$\mathbb{C}^{d}$ $(k, l)\in N^{2}$
$Hom(k, l)$ $\mathbb{C}[z_{1}, \ldots, z_{d}, z_{1}^{-}, \ldots, z_{d}^{-}]$ $\{z_{1}, \ldots, z_{d}\}$ $k$ $\{$ $, . . ., \overline{zd}\}$
$l$ $\Omega(d)$
$z=(z_{1}, \ldots, z_{d})\in\Omega(d)$ $\sum_{i=1}^{d}z_{i}\overline{z_{i}}=z^{*}z=1$ $Hom(k, l)$ $Hom(k+$
$1,$ $l+1)$ $Hom(k, l)$ $U(d)$
: $U\in U(d),$ $f\in Hom(k, l)$ $(Uf)(z):=f(U^{*}z)$
:
$Hom(k, l)=\bigoplus_{i=0}^{\min\{k,l\}}$ Harm$(k-i, l-i)$ ,
Harm$(k, l)$ $Hom(k, l)$ $\triangle=\sum_{i=1}^{d}\partial^{2}/\partial z_{i}\partial\overline{z_{i}}$ $0$
$\dim(Hom(k, l))=(\begin{array}{l}d+k-ld-1\end{array})(_{d-1}^{d+l-1})$
$\dim$(Harm$(k,$ $l)$ ) $=(^{d+k-1}d-1)(^{d+l-1}d-1)-(^{d+k-2}d-1)(^{d+l-2}d-1)$ $\dim$(Harm$(k,$ $l)$ ) $N_{k,l}$
$\Omega(d)$ $f,$ $g$ :
$(f,g \rangle=\int_{\Omega(d)}\overline{f(z)}g(z)dz$ .
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$dz$ $\int_{\Omega(d)}$ $dz=1$






Harm$(k, l)$ $g_{k,l,a},$ $g_{k’,l’,a’}$ $(k, l)\neq(k’, l’)$ $gk,l,a$




$ak,l= \frac{k+1}{d+k+l}$ , $b_{k,l}= \frac{d+l-2}{d+k+l-2}$
$g_{k,l}(z)$







Harm$(k, l)$ $a$ Harm$(k, l)$
$g_{k,l,a}$ $\{x\mapsto$
$g_{k,l}(a^{*}x)$ : $a\in\Omega(d)\}$ Harm$(k, l)$ $g_{k,l}(z)$
: $X\subseteq\Omega(d)$
$\sum_{a,b\in X}g_{k,l}(a^{*}b)=\sum_{a,b\in X}\langle g_{k,l,b},g_{k,l,a}\rangle=\langle\sum_{b\in X}g_{k,l,b},\sum_{a\in X}g_{k,l,a\rangle}\geq 0$.
$g_{k},\iota(z)$ $2F_{1}(a, b;c;z)$ , Jacobi polynomi] $P_{n}^{(\alpha,\beta)}(z)$
:




3 Complex spherical design
$N^{2}$
$\preceq$ : $(k, l)\preceq$
$(m, n)$ $k\leq m$ $l\leq n$ $(N^{2}, \preceq)$ lower set $N^{2}$
$\mathcal{T}$ : $\mathcal{T}$ $(k, l)$ $(m, n)\preceq(k, l)$
$(m, n)$ $\mathcal{T}$ lower set :
Definition 3.1. $X$ $\Omega(d)$ $\mathcal{T}$ $N^{2}$ lower set $X$





$(k, l)$ Harm$(k, l)$ $\{e_{1}, \ldots, e_{N_{k,l}}\}$
$H_{k,l}$ $X$ Harm$(k, l)$ $\{e_{1,\ldots,N_{k,l}}e\}$
$(x, i)$ $e_{i}(x)$
Lemma 3.3. $X$ $\Omega(d)$ $\mathcal{T}$ $N^{2}$ lower set
:
(i) $X$ $\mathcal{T}$-
(ii) $(k+l’, l+k’)\in \mathcal{T}$ $k,$ $l,$ $k’,$ $l’$ $H_{k,l}^{*}H_{k’,l’}=|X|\delta_{k,k’}\delta_{l,l’}I$
(iii) $(0,0)$ $(k, l)\in \mathcal{T}$ $\sum_{x,y\in X}g_{k},\iota(x^{*}y)=0$
$\mathcal{T}$- $X_{1},$ $X_{2}$
$X_{1}\cup X_{2}$ $\mathcal{T}$- $\mathcal{T}$- $\mathcal{T}$-
Lemma 3.3
Sidelnikov
Proposition 3.4. $X$ $\Omega(d)$ $(k, l)\in N^{2}$
:
$\frac{1}{|X|^{2}}\sum_{x,y\in X}(x^{*}y)^{k}(y^{*}x)^{l}\geq\{\begin{array}{ll}(^{d+k-1}k-1)^{-1} if k=l;0 othenvise.\end{array}$





Definition 3.5. $Y$ $S^{d-1}$ $t$ $Y$ t-
$t$ $f(x_{1}, \ldots, x_{d})$
$\frac{1}{|Y|}\sum_{z\in X}f(z)=\frac{1}{|S^{d-1}|}\int_{S^{d-1}}f(z)dz$.
$\phi$ : $\mathbb{C}^{d}arrow \mathbb{R}^{2d}$ :
$\phi(x_{1}, \ldots, x_{d})=({\rm Re}(x_{1}), {\rm Im}(x_{1}), \ldots, {\rm Re}(x_{d}), {\rm Im}(x_{d}))$ .
$\mathbb{C}^{d}$ 2 $x,$ $y$ $\phi(x)^{T}\phi(y)={\rm Re}(x^{*}y)$ $\phi$ $\Omega(d)$
$S^{2d-1}$
Lemma 3.6. $X$ $\Omega(d)$ $\mathcal{T}$- $t$ :
(i) $\mathcal{T}$ lower set $\{(k, l)\in N^{2} :k+l\leq t\}$
(ii) $S^{2d-1}$ $\phi(X)$ t-
:
Definition 3.7. $Y$ $\mathbb{C}P^{d-1}$ $t$ $Y$ t-
$t$ $f\in Hom(t, t)$
$\frac{1}{|Y|}\sum_{z\in X}f(z)=\int_{\mathbb{C}P^{d-1}}f(z)dz$ .
$\int_{\mathbb{C}P^{d-1}}$ dz $=1$ $\Omega(d)$
$X$ $X$ 1 $P(X)$ $\mathbb{C}P^{d-1}$
Lemma 3.8. $L$ $\Omega(d)$ $x,$ $y\in L$ $|x^{*}y|<1$
$X$ $L$ n-antipodal cover
(i) $X$ $\mathcal{T}$- $P(L)$ t-
$t= \max\{k :(k, k)\in \mathcal{T}\}$
(ii) $P(L)$ $n>t$ $X$ $\mathcal{T}$-
$\mathcal{T}=\{(k, l)\in N^{2}:k+l\leq t\}$
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4 Complex spherical code
$(k, l)\in N^{2}$ $P(k, l)$ $\mathbb{R}[x,\overline{x}]$ $x$ $k$ $\overline{x}$
$l$ $X\subseteq\Omega(d)$ $X$ inner
product set :
$A(X)=\{a^{*}b:a, b\in X, a\neq b\}$ .
$F(x)\in \mathbb{R}[x, \overline{x}]$ $X$ annihdator polynomial $\alpha\in A(X)\cup\{1\}$
$F(\alpha)=\delta_{\alpha,1}$
Definition 4.1. $X$ $\Omega(d)$ $X$ complex spheri$cal$ code of degree
$s$ $|A(X)|=s$ Lower set $S$ $X$ S-code $X$
annihilator polynomial $F(x) \in\sum_{(k,l)\in S}P(k, l)$
$X$ degree $s$ $F(x)$ $:= \prod_{\alpha\in A(X)^{\frac{x-\alpha}{1-\alpha}}}$ $X$ annihilator polyno-
mial $S=\{(k, 0):k\leq s\}$ $X$ S-
lower set (inner product set )
lower set inner product set $|\alpha|$
$F(X)=x\overline{x}-|\alpha|^{2}$ annihilator polynomi-al $S=\{(k, l) :0\leq k, l\leq 1\}$
$X$ S-
5 Bounds on designs and codes
tightness
$N^{2}$ $\mathcal{U}$ $\mathcal{U}$ convolution :
$\mathcal{U}*\mathcal{U}=\{(k+l’, k’+l):(k, l), (k’, l’)\in \mathcal{U}\}$.
bound lower set $\mathcal{T},S$ absolute bound




$)$ $X$ S- :
$|X|\leq$ $\sum$ ddim(Harm$(k,$ $l)$ ).
$(k,l)\in S$
lower set $\mathcal{T},$ $S$ relative bound
Theorem 5.2. $X$ $\Omega(d)$ $F(x)= \sum_{k,l}f_{k,lg_{k,t}}(x)$ 0 $>0$
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(i) $X$ $\mathcal{T}$- $\mathcal{T}$ $(k, l)$ $f_{k,l}\leq 0$ , $\alpha\in A(X)$
$F(\alpha)\geq 0$
$|X| \geq\frac{F(1)}{f_{0,0}}$ .
(ii) $k,$ $l$ $f_{k,l}\geq 0$ J $\alpha\in A(X)$ $F(\alpha)\leq 0$
$|X| \leq\frac{F(1)}{f_{0,0}}$ .
$X$ tight design with respect to $\mathcal{U}$ $X$ u $*\mathcal{U}$- Theorem 5.1 (i)
S- $X$ tight Theorem5.1 (ii)
tightness
:
Theorem 5.3. $X$ $\Omega(d)$ $S$ lower set
:
6$)$ $X$ S- S $*$ S-
(ii) $X$ tight S-







$0\leq i\leq s$ $X$




(ii) $\sum_{i=0}^{s}A_{i}=J$, $J$ 1
(iii) $i$ $i’$ $A_{i}^{T}=A_{i’}$ .
(iv) $i,j\in\{0,1, \ldots, s\}$ $A_{i}A_{j}\in$ Span $(A_{0},$ $A_{1},$ $\ldots$ , As$)$ .
(v) $i,j$ $A_{i}A_{j}=A_{j}A_{i}$ .
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$\{E_{0}=\cap x^{1}J, E_{1}, \ldots, E_{s}\}$
$P,$ $Q$ :
$A_{i}= \sum_{j=0}^{s}P_{ji}E_{j}$ , $E_{j}= \frac{1}{|X|}\sum_{i=0}^{s}Q_{ij}A_{i}$ .
$P,$ $Q$
$0$ $\{E_{0}, E_{1}, \ldots, E_{s}\}$ $0$
$q_{i}^{k_{j}}$ :
$E_{i} \circ E_{j}=\frac{1}{|X|}\sum_{k=0}^{s}q_{i,j}^{k}E_{k}$ .
$X$ $\Omega(d)$ inner product set $A(X)=\{\alpha_{1,\ldots:}\alpha_{s}\}$
$\alpha_{0}=1$ $0\leq i\leq s$ $X$ $x^{*}y=\alpha_{i}$
$(x$ , $A_{i}$ $\{A_{0}, A_{1}, \ldots, A_{s}\}$
(i) (iii) $x,$ $y\in X,$ $1\leq i,j\leq s$
:
$p_{i,j}(x, y)=|\{z\in X:x^{*}z=\alpha_{i}, z^{*}y=\alpha_{j}\}|$ .
$p\iota,j(x, y)$ $i,j$ $x^{*}y$ ( $x,$ $y$ ), $pi,j(x, y)=$
$pj,i(x, y)$ $i,j$ $X$
$(k, l)\in N^{2}$ $H_{k,l}$ $F_{k,l}=\Pi^{1}xH_{k,l}H_{k,l}^{*}$
$F_{k,l}= \Pi^{1}x\sum_{i=0}^{s}g_{k,l}(\alpha_{i})A_{i}$
Theorem 6.1. $\mathcal{U}$ lowe set $X$ degree $s$ $\mathcal{U}*$ u-
:
(1) $|\mathcal{U}|\leq s+1$ .
(2) $s\leq|\mathcal{U}|$ $X$
(3) $|\mathcal{U}|=s+1$ $X$ tight design with respect to $\mathcal{U}$
Martin[10] Martin[10] $s$




Theorem 6.2. $X$ $\mathcal{T}$- inner product set $A(X)=\{\alpha_{1}, \ldots, \alpha_{s}\}$
:
(i) lower set $\mathcal{U}\subseteq \mathcal{T}$ $\mathcal{U}*\mathcal{U}\subset \mathcal{T}$ ;
(ii) $I\subseteq\{1,2, \ldots, s\},$ $|I|=|\mathcal{U}|$ $pi,j(x, y)$ $i,j,$ $x^{*}y$






complex MUB Theorem 62 8
$\mathbb{Z}_{2}-$Kerdock code real MUB, real
MUB 4 [1], [9]
$(X, \{R_{\eta}\cdot\}_{i=0}^{s})$
$E_{1}$ $E_{1}^{T}\neq E_{1}$ $d$ $E_{1}$
$|X|\cross d$ $U$ $\cap^{d}x^{E_{1}=}UU^{*}$
$x\mapsto\tilde{x}=e_{x}U$ $\Omega(d)$ $\tilde{X}=\{\tilde{x}:x\in X\}$
:
$\bullet$ $E_{1}$ $|X|=|\tilde{X}|$ .
$\bullet$ $(x, y)\in$ $x^{*}y=^{\mathcal{Q}_{d^{\underline{*1}}}}$ .
$\tilde{X}$
Theorem 6.3. $(X, \{R_{\dot{\eta}}\}_{i=0}^{s}),\tilde{X}$ $\mathcal{T}$ lower set
:
(1) X $\mathcal{T}$-
(2) $(i,j)\in \mathcal{T}$ :
$\sum_{l_{0},\ldots,l_{i},h_{0},.,h_{j}=0}^{s}..q_{0^{0}0}^{l}q_{1,l_{0}}^{l_{1}}\cdots q_{1,l_{i-1}}^{l_{i}}q_{0,0}^{h_{0}}q_{1,h_{0}}^{h_{1}}\cdots q_{1,h_{j-1}}^{h_{j}}q_{l_{i},\overline{h_{j}}}^{0}=\{\begin{array}{ll}\frac{d^{2i}}{(^{d+i-1}i)} if i=j,0 if i\neq j.\end{array}$
Corollary 6.4. $(X, \{R_{\dot{\eta}}\}_{i=0}^{s}),\tilde{X}$ Theorem 6.3 $\tilde{X}$ $\mathcal{T}$ -
$E_{1}^{T}\neq E_{1}$ :
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(1) $\mathcal{T}$ $\{(i,j)\in N^{2}:i+j\leq 2\}$
(2) $($3, $0)\in \mathcal{T}$ $q_{1,1}^{\hat{1}}=0$
(3) $($ 2, $1)\in \mathcal{T}$ $q_{1,1}^{1}=0$
2- 3-
$q_{1,1}^{1}=0$ Corollary64
7 Designs from orbits of finite subgroups of Unitary group
$G$ $U(d)$
$G$ $V$ $G$ stabdizer :
$V^{G}=\{f\in V:gf=g$ for $aUg\in G\}$ .
$V^{G}$ $V$
$G$ Harm$(k, l)$ stabilizer
Theorem 7.1. $\mathcal{U}$ lower set $G$ $U(d)$
:
(i) $x\in\Omega(d)$ $Gx$ u-
(ii) $(0,0)$ $(k, l)\in \mathcal{U}$ Harm$(k, l)^{G}=\{0\}$ .
Theorem 7.1 (ii) Molien
Theorem 7.2. $G$ $U(d)$ :
$\sum_{k,l\in N}\dim \mathbb{C}$
(Harm$(k,$ $l)^{G}$ ) $x^{k}y^{l}= \frac{1}{|G|}\sum_{g\in G}\frac{1-xy}{\det(I-xg)\det(I-y\overline{g})}$ .
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